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Motivation

 Models are required to analyse the
behaviour of a system and taking decisions
about Its functioning, not by experimenting
all possible options, but In a systematic and

more rational way -
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Models

They are approximate representations of the real
world

Several types of models: Physical, qualitative,
mathematical...

Different applications: design, training, what
happens If...?, decision making,...

Abstraction: Only those aspects relevant to the
problem considered are included in the model.

How can be generated, solved, used, validated...?
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What 1s a mathematical model?

Set of equations that describe In a sound way
the behaviour of the system we are modelling.

They are always approximations, not the real
system

Different models for different types of
processes and aims

Compromise between easy of use and fidelity
In the representation of the reality
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Adeqguate representation...

time

Model

e
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Continuous and discrete event
processes

| q

Continuous processes:
Its variables evolve
continuously over time
and can have any value
within a given range

Discrete event systems:

Its variables only change at
certain time instants and can
have only an integer number
of values
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Continuous / Discrete events

e Continuous processes
— They are described mainly by DAEs or PDEs.
— Main interest: the trajectory of some variables

» Discrete events processes

— They are describe mainly as sequences of
activities.

— Main Interest: the statistical behaviour of some
variables
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Static and dynamic models

q= kp+h

| q

Static model: It relates the
values of the process

h variables at an equilibrium
State

dh Dynamic model: It relates
Ap——=d-kpvh the value of the process

dt | |
variables over time
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Dynamic response

time
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Static and dynamic models

* Static models
— They describe processes at equilibrium

— They are described by algebraic equations (AE)
— Typical application: Process design

e Dynamic models (in continuous time)

— They describe the time evolution of the process
— They are described by DAE and PDE
— Wide range of applications: control, training,...
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Other kind of dynamic systems

u(kT)

y(t)
.
LI

| discrete time models

| They relate the process variables at the sampling
Instants kT, k=0,1, 2,,....

= Equations in differences: y((k+1)T) = f(y(kT), u(kT))
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How to obtain a process model?

/

Using reasoning Using experimentation and
and laws of nature data from the process
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First principles models

e They are obtained from reasoning and the
use of laws of nature: conservation of mass,
energy or momentum as well as others
from the application domain.

e They have a wide range of validity

e They require a deep knowledge of the
process and the applicable laws from
chemistry, physics, biology, etc.
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Experimental models: Identification

The model is obtained from the A model structure is
information provided by a set of postulated and its

. coefficients are
experiments. computed using the

data
U

iy : LA
= : .| Process |

_
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First principles models

Modelling methodology:

x> Set the aims and range of application of the
model

>X>Fix a set of hypothesis about its behaviour
[X>Formulate the mathematical equations using the
appropriate laws of nature according to the
hypothesis made

[X>Estimate the value of its parameters
[>>Validate the model
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Many Kkinds of models

}
Lumped parameters

Distributed parameters
Non-linear

Linear

In the time domain

In the frequency domain

Prof. Cesar de Prada, ISA, UVA 17



Mass conservation law

Mass accumulation in the system per unit time =
Incoming mass per unit time -
Outgoing mass per unit time -
Mass generated inside the system per unit time -

Mass consumed inside the system per unit time -

dm:ﬁ—ﬁ+G—C F
dt
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m mass In the tank
A tank cross section
p density, k constant

. Gravity drained tank

Mass conservation

Accumulation per unit time =
Input flow g - outflow F

h
dm
o =gp-F
dt ap—Fp
m=Aph F=Sv=Sk, 'p,—p,
P, =P, +pgh F=k/h

dh
Ap = gp—pk-'h
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Example: Gravity drained tank

l q Mass conservation

Accumulation per unit time =
h Input flow g - outflow F

m mass In the tank
A tank cross section

Algebrai
p density, k constant Non-linear differencial - 0c0raIC

| cquation equation
u valve opening Prof. Cesar de Prada, ISAq UVA 20



States space models

d ;(t(t) = (x(t), u(t),v(t),1)

y(t) = g(x, u(t),v(1),t)

v | Disturbances
- . Y . Observed
Manipulated responses

variables

X states

Prof. Cesar de Prada, ISA, UVA

21



Model simulation

l q Integrating (numerically)
the model, one can obtain

the time evolution of the

liquid volume as a function

h of g
l = dn_ 1 —*I V = Ah
dt A
Euler integration
formula h(t+At) = h(t)+{ q(t) - u(t)ka/h(t)}At
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Causality

dh Computational

| g A4t =97F  causality: the order in

F—k-h which the variables
are computed

h =) h = F
- l F.
Physical causality: The intended use of the
causes and effects model (what happens if...,
q = h @ F control,.., may impose the

g_ computational causality
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Hypothesis

Ci
|0 | g
rens h h
[ [
Perfect mixture Plug flow
dVc _ _h___Ah:__V
4~ e —Fe c(t) =c;(t V)—C.(t Av) C; (t F)
dv av _ 4 _
1, —a-F V = Ah oAl Ah
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Formulation

Ci
Concentration l q d (Vc) |
=(c, —Fc
C; dt
rC =
\ av_,
\Volume V .l. h at
C dc  dV
V-—+Cc —=(qc,—Fc
l dt dt
F V;l:+c(q—F)=qci—Fc
Perfect mix
V(;f[::CI(Ci_C)
p constant
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Physical constraints

| ho1d
N — f — overflow
L
h
I .
A(ZT =q-uk-/h A(;T =q—uk-/h -a[max(0,h— L)]**
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Numerical errors

l ql l q2
h; h,
= F,
dh, _ dh, Laws +
A gt g A, dt =0 th-F constraints

Flzklm h1<h2? |:2:k2\/hi2
F =k;sgn(h, —h,).[h,—h, O<h.<h_. @ 20
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Isothermal chemical reactor

Reaction: A— B

& T  Row material
A

l Products
A B
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Mathematical model

Hypothesis:
.. Product A
e perfect mix in the reactor Ca
eTemperature T constant | X
*\/olume V constant é .L A
dCA B _%T A= B
th =(C, —0C, _Vkoe Ca o €. € T

VO:tB =—(C, + Vkoe_%TcA

Mass balances of products Aand B
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Example: CSTR Reactor

dgtA — q(CAi - CA) - Vko e_%T Ca

V

Vpc, %I =qgpc, (T, -T)+Vk,c,H-UA(T-T)

JqT Row material:

VipCo o =Fip G (Ty = T,) + UA(T-T) Product A T.. 0, Caj
C,h =C,(A—X) X conversion @ © | h
Cg =Cp =Cp =Gy X Coolant ; Re;—ctor T,

V =nD%L/4
A =nDL +7nD?/4

l Products: A, B

30

A—>B
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Bioreactor
aVx = uxV —kVXx
dt _
growing dead
VS B v - O xasF
d v, Y
Substrate feed
consumption
dVp
———=oXV-K pV
dt HP
_ K
av —F : S+ K,
at Monod
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X blomass
X Ssubstrate
p product
V volume

1S

O =
K, x+s+s°/K,

Haldane
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Bloreactor

de+xdvzuxV—1<xV

dt dt

v sV By T s F
d dt Y, :
OIIOerdvzcsxV—KHpV

dt dt

dv _ KBS
dt:F H s+K,
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X bilomass
X substrate
p product
V volume

O =
K, x+s+s°/K,



Bioreactor
dx F
dt:(“_V_K)X
Ols:—(!”l + cy)x+(s —9)
dt Y, Y," V'
zlzzcx—(KH+F)p
dV _ KBS
dt:F Ll_S+KX
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X bilomass
X sustrate
p product
V volume

ae
1)

—
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Hp

O =
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Pressure 1n a container

N -F-F=F-aC, p'-p;
dt
m=Vp p= I\F;I RT  Isothemal tank
VM d
P _ F—aC, p®-p? Low pressure
RT dt container
Constant

composition

34
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Energy conservation law

T, d(mH V?
g l| (dt )=QpHi—QpH+R
| " si H=c,T m=Ahp

R%’ T

T temperature, V voltage
m mass of liquid in the tank

Non-linear differential equation

Hypothesis:

H enthalpy, c, specific heat T uniform distribution

A tank cross section
p density, R resistance

Perfect thermal isolation
Constant density
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Momentum
conservation
law

Non-linear
differential
equation

Liquid flow In a pipe

A

dd”;" — AAp, — AAp, — AfLpv2 — Ahpg
1 2
Apv — azc\zl Pq m = ALp g = AV
Ldg Ap, 1
= — —gh
Adt p (a2c3 Az)OI 2
| , 1 4
ol
«— Apv—>
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Control valve (linear)

Spring d?x dx
m—-=(p—p,)A+Ap,S—kx -k, —
l gz~ P=Po)A+AD, T
Diafragm AD
X
: - 2C v
< Aire T 4 L\ o
Aire N
P abre X position of stem from
>_| I equilibrium position
< S /—.<j L range of stem
Liquid displacement

 air pressure
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Distributed parameters processes

l .
TTi T -  F
AX
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Distributed parameters process

T(x,1) T T,

Ti+1§ — F

The pipe is divided into small volumes of width Ax
where T can be assumed to be constant

Energy balance on every volume

Limit when AX = 0
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Distributed parameters process

T

T(X,1)

7§
1

l S

Ti-l Ti Ti+1§ — F

Energy balance

Partial
differential
equations

AX
drr’Axpc, T,

T =+ =Fpc,T,, —Fpc,T. +2nrAXU(T, - T,)

dTi _ F (Ti—l_Ti)+2U(Ts_Ti)

dt nrz AX rpCe

- dT . (T -T . 2U(T, -T.

I|md = F2 Ilm( = ')+I|m u(T. =T

Ax—0 dt TIr < Ax-0 AX AX—0 rpC

OT(x,t) __ F aT(x.t)  2U(T, - T(x,1))
ot Tcr2 OX rpC,
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First principles models

Described by sets of algebraic and differential
equations, often non-linear.

They can be used for a wide range of aims

They have a wide range of validity within the one
fix by the associated hypothesis

They require a certain modelling background
They may be difficult to operate with
Quite often they are solved by simulation
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Simulation: EcosimPro

Facilitate the description of the model, and provides the
methods to solve it

Modelling / Simulation languages

What happens if...?

Based on object oriented software technologies
Advanced numerical methods and functionalities
ESA: European Space Agency

C++ code generator with a development and execution
environment

Library / Component / Partition / Experiment
Open system

Prof. Cesar de Prada, ISA, UVA
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EcosimPro

1—"g EcoStudio for EcosimPro 3.4.1 o = |
File Edit View Library Experiment “Window Help

l 1 4l | @l&l\ Ble|@|=|ala| -] ¢ == [EE | [x «|o

COSIM:PROCESS', WORK' Dryer.el i i = |
El m PROCESS - | n
+-(ffif] COMTROL2 COMPOMENT Dayrer_simple (SET_OF(Chemical) gas_mix = humid air "gas mixture",
| EITIC uid_mix = dissolution ee ssolution”,
ELECTRICZ SET_OF(Chemdcal) liquid_mix = dissolution_00 "feed dissolution"
iff HaTH2 ENUM Chemical solid = salid 00 "gaolid",
+|-(fiffl MECHANICALZ BOOLEAN butned layer=TRUE "buned layer'
E- m PROCESS
Boilers.al "gituple diver. without fitnace” J
Distillation_Colurmns. el NPT
Diyer.gl
E{fy:[;ators o IM port_gas(gas s fz_in "gas inlet"
P ’ IM port_lepaid(iguid mid {1 in " dizsolution inlet"
Flazh.el X " "
. OUT port_gas (gas_mix) fz_out "gas outlet
Functions.=| OUT port_bequid (quid_mix) flout " dissolution outlet”
Heat_Exchangers.el - - -
HBFC.el OUT CONTROLZ analog_signal (setofBize(lioquid_mi¥)) a_concentration_out "outlet dizgolution con
Mistures. el
Pipez.el DATS
Ports.el
Pumps.el BEAL frac_water_ext=002 "fraction of the humid external swface ("
Reactors.el REALD =3 "dyrer diameter ()"
Sinks.el REALL=20 "dryer length ()"
Souces. el b BEAL w_golid=1. "golid welocity (mfs)"
Tanks.el » » . )
Valves gl REALc=01 " etitical numidity (ke_vweater’kg humid solid)”
- if ot < Xe, the solid swface is dry,
PHDCESS EXAMPLES i !
gg PROCESS PROPERTIES - and all the water is inside of the solid
El[ﬁ PROCESS_TEST [DEFAULT] DEAT I amraem = 1000 vt st oF anramwati i A pons (T VT dae Sl hd
----- EI demultiplexores. el r
----- i dos_depositos.eds
----- doz_depozitos. el
----- ™1 dos fluios.el LI

‘wiork Files [ Library |_Esperiments |

x| .
|| |EcosinPro Ready

Qutput | Comgile| E:-:Eerimentl Find ir Filez |

[PROCESS_TEST |



Graphical environmen

EcoDiagram for EcosimPro - [DMC_00.eds [Schematic Editor]]

&I File Edit Wiew Lbrary Tools window Help

=1olx]
=l x|

EEEIEREE LR A V=

B [ | B, & Q@ (A A e 7] 5L ab 2 % |

| €| B B2 | = ik [ feo| S F

Ecosim Libraties Sie—"—= %
il PROCESS |
B ailer Colurit

setpoints

contralled

manipulated - \u'arlables=

L]

variables

= measuraed

ﬂ;’ S

Compreszor DkC

- 4 O

Diyer Evaporator

Flazh Flow_gaz

manipulated

L
-@L -Fi a wariables

from MBFC

manipulated
wariables _

disturbanece
wariables

3. s

Flow_liguid ~ Flow_steam

Sem PrINy
GPC Heat_Excha ...
sfhe

Heat_Excha . Heat_Excha ..

disturbance
variables

contralled
variables

manipulated
wariables
to MBPLC

HHje0eNERN A~ R+ /|7

fil PROCESS_EXAMPLES —Jl ﬂ

[Enldaen EHBEs AT @

i | B | W2 | =R R

il

F1Ul. LCodl Ut riaua, 1oA, UvA

PROCESS ExeMPLES (@O [ | 4
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Simulation

FliEcoMonitor [ o ] 21|
File Edit Wiew Run FostProcess  Window  Help
» il XX} KSRy | S8aER
‘Eambio de calor {datos reales) o |EI|1| -‘Datos reales y datos del modelo - |EI|5| TTHE. AL
: n A
05 L Yariable Yalue
00 01 02 03 04 05 A F_real 118.3463
01 204 E J 1]
-2000 2 d — k_real 110,65
e — Qk_real wreal2] W 9 F3585050481
380 i enror1] 00132892341 775
000 a7ad ermorf2] -0.0771386368517
8000 00 01 02 03 04 05 k. 492914060548
TIME paramn_esztim[1] 3.63585050481
-10000 param_estim(2] 492914060546
pezog[1] 1
‘dlE| caudal de entrada {datos reales Ol x| "l Datos reales y datos del modelo (i o ] 4| peze-[E] D
350 1.21
300 S fi=
250 1.0 !
200 F real s /'\ y_radelal1]
= : woreall1]
150
100+ F 0.6+
oo o1 02 03 04 05 oo 01 02 03 04 05
TIME TIME
—’:JI Integration has finished, ;l
=4 llrtegration has finizhed.
Integration hag finizhed.
Integration hag finizhed.
Integration hag finizhed.
Integration has finizhed.
Integration has finished.
Experiment duration: 21 seconds.
Total processor time © 20,539 seconds :I
| -
I— simul_estim_parar_cstr expl &
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Model Linearization

« To facilitate the analysis and computations, we use
a linear approximation of the non-linear equations

 Easier to operate, but with a limited validity range

Aiﬂ:q—kﬁ ) AddAth:BAq—ocAh
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Linearization of a function f

Taylor series expansion in an operating point u,, Y,,
Zgy -

f(u,y,z2)=0 f(uo’ym 0)=0

f(u,y,2) =1(Up,Y,.2 o)+

(uu

Linear equation in the new variables Au, Ay, Az
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Linearized model of the tank

l g Afjlh —gq+k-/h=0
f(h, hQ):O ho’ho’%
of
h—h 0
hon, (fe) 6q (@-90) =
o _ ﬂ_k of __,
l = oh|, oh, Zﬂ aq,
Deviation Variables
Ah=h-h,
AQ=q-q, Linear differential equation
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Simulation / VValidation

5.0:: 8T
4871 T
-+~ 7.._
4.6:: T
4.4:: - 6: h
4.2t - ST h_|
4.0 —tt 4" —t } —t —t |
0 10 20 30 40 0 10 20 30 40
TIME TIME
Responses of the non-linear and linearized models for 2 step changes in g
55T 7.0
54t T
+ 6.51
5.3:: iR
5.2:: 6'0:
5.1] 551 ;
5.0 t — — 5_0-— : ettt e
0 10 20 30 40 0 10 20 30 40
TIME TIME

I 1TVI. \vLoul uv 1 1!



Linearized model of the tank

| g
F
Deviation Variables
Ah=h-h,
AQ=0-0,

pdAn K Ah—Aq=0

dt 2 /h,

Azkﬁ ddAth L AR 2@ AQ

1:d§h+Ah = KAQ

t
K K

The value of the model coefficients depends
on the linearization point
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|_Inearized models

Variables u and y represent u(t) = U(t)— U, (t)
changes above and below (t) = Y(1) = Y. (1
the operation point U, , Y, Y= ’

U
N U Y

t *| Process |—

The range of validity Is constrained to a certain extent around
the linearization point
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